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Control systems with a finitely many of control settings, i. e. dynamical polysystems, are
considered. It is assumed that a polysystem functions in continuous time and switchings
of control occur in some discrete instants of time. The control goal is a transition of a
polysystem from an initial state to a final state. Controllability of the polysystems is studied.
Probabilistic methods are applied. Some probability characteristics of dynamical polysystems
are defined. It is shown that under the rank condition, the switching controls always exist
and the estimates of control times can be find by numerical methods. The rate of convergence
of estimates of control times is established. The scale of the rates of convergence is described.

PACS numbers: 02.30.Yy ; 02.10.De ; 02.50.Fz
Keywords: control systems, dynamical polysystems, switching control

1. Introduction

In this paper, we continue to investigate a
class of continuous-time dynamical polysystems
considered in [1-4]. These polysystem consist of
a finite number of switched dynamical systems.
It is assumed that the switchings occur in
some discrete instants of time. We explore
controllability of dynamical polysystems and find
the control times which provide a sufficient
accuracy of target condition, i. e. provide € -
controllability either with a finite € or with an
arbitrarily small €. In the last case, if the values
of € decrease then the control times become
arbitrarily large. Therefore, for these control
systems, there is a problem to characterize a
rate of convergence of estimates of control times.
This characterizing can be obtained by analysis
of the distribution function of values of control
times. In paper [3], we investigated a class
of polysystems having the uniform distribution
function of control times. In this case, the relative
rate of convergence is inversely proportional to
the rate of growth of control time. In the
present paper, we consider arbitrary distribution
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functions. In this case, we apply the inverse
transformation method and reduce the problem to
the special case of uniform distribution function.
It is shown that for polysystems with an arbitrary
distribution function, the rate of convergence of
estimates of control times can be arbitrarily slow
and arbitrarily fast.

Enough information on theory of dynamical
systems and other topics can be found in [11-14].

2. Definition of a polysystem and
related notions

Let us denote a state space with elements x
by X, a control set with elements u by U, a one-
dimensional space of time points ¢ by R.

For an arbitrary fixed u € U, consider a
family of the maps (diffeomorphisms)

F! X=X, teR

such that for any x € X
FyH (F2 (x) = (FT2)(2),

i. e., the family F! defines a dynamical system.
Let us to each t € R assign some u € U, i. e.,
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give a function 4 by formula u = 4(t). Then we
say that the set {F. u € U} and the function @
define a dynamical control system.

Next, we consider a finite control set
belonging to the set U. Namely, for an arbitrary
fixed integer [ € N and some uq,...,u; € U,
consider the set of the one parameters families

{F.,....,F,}. (2.1)

Let the values t; € R, t;_1 < t;, 7 = 1,...,1,
I > n be time moments of control switching. Thus,
to the time moment ¢;, it is assigned the element
F,; of the set given by formula (2.1), i. e. it is
designated the correspondence
tj—)Uj, jZl,...,l. (2.2)
A restriction of a control system to a finite set
{u,...,yy} = Uy C U is called a dynamical
polysystem.
Assume that at tg € R the polysystem starts
from x¢ € X. Consider the space ]RfF of points 7
in the form

T = (7‘1, e ,Tl) S Rl_,’_, T =1t; —tj1 > 0. (2_3)
Thus, the dynamical system F,; functions during

of time period of length 7;. The value
7| =Iml+ -+ |7l (2.4)

of the norm of 7 € Rﬂ_ is a full control time. The
state at the last time is as follows, i. e.,

(Fi o Fuy o0 F) (o) »= Fy(wo) (2.5)

where u = (uq,...,u) € UL,

For maps F’,F”, a symbol «o» means a
superposition of these maps, i. e., for every x the
condition (F'oF")(z) = F'(F"(z)) is valid. Thus,
the polysystem generates a [-parameter family of
maps in the form (2.5).

Let w be fixed. Then a dynamical polysystem
can be interpreted as a map in the form

F:RIxX—=X, F(ra)=2", (26)
reR, 2 eX, 2" eX,

or as an action of the family F7,7 € Rt on X, i. e.,

FT: X=X, F(2f)=2a", (2.7)
2 eX, 2" eX.

Definition 1 The polysystem given by eq. (2.1)
is (exactly) controllable from xo € X to x, € X if
there exists a time vector T = (7;,,...,7;,) € Rl
such that

xx — F"(x0) = 0. (2.8)

The value 7 depends on zg,x.. Let 79 be the
smallest value 7 for which eq. (2.8) is valid. Then
we write

-
Ty —> Tx.

Definition 2 The polysystem given by eq. (2.1)
is e-controllable from g € X to x, € X if fore > 0
there exists a time vector T = (7;,,...,7;,) € Rl
such that

|F7(z0) — xs| <€ (2.9)
where T = 7(€).

The full control time is equal to |7(€)|. A
dependence of 7 on € can be ambiguous. We
consider some concrete dependence of 7 on e. In
this case, we give the following definition.

Definition 3 The polysystem given by eq. (2.1)
s approximately controllable from xg € X to x4 €

X if

lim |[F™€)(z0) — 2| = 0.

2.1
e—+0 ( 0)

If the polysystem is only approximately
controllable from the state zg to the state x,, then
the full control time

|7(e)] = +o0, €— +0.

In the sequel, we shall investigate the dependence
|7(€)| on € for fixed boundary states g, ..
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Next, we assume that the initial value zg is
fixed and the final value of z, is arbitrary. We
consider the set XS of points z, attainable from
the point xg for 79. Assume that for |7| > |1p], the
set X, of points x, attainable from the point xg
for 7 coincides with the set X0, i. e., X0 = X,.
Thus, we have a family of transformations

X' 5 X, (2.11)
depending on parameter 7.

Next, we introduce the notion of dynamical
polysystem  associated with the original
polysystem, and its invariant measure. Using
these notions, we describe the conditions of
controllability polysystem in discrete time.

3. Definition of the associated
dynamical polysystem

Consider eq. (2.8) which we rewritten in the
form of eq. (2.6), i. e.,

F(r,20) = 2.y, T €RY (3.1)
where F(19,20) = . Eq. (3.1) defines the orbit
corresponding to the value 7y of the polysystem
given by eq. (2.7).

Differentiating eq. (3.1) on the parameter T,
we obtain the matrix equality

OF
5 =10, (3.2)

Assume that for any 7 and xg the condition
rank (f(7)) =n (3.3)

is valid where g—f(T) =: f*(7) and x( is omitted.
Consequently, at any point 7 € R, eq. (3.2) gives
m-dimensional subspace in the space R! where
m = [ —n. This subspace is the tangent subspace
at 7 € Rﬂr to the surface given by eq. (3.1). This
surface can be given in the form

,om) € 2. (3.4)

T=17(0,70), 0= /(01,...

We assume that ¥ = R™ or ¥ = R and 79 =
7(0,79). Since 79 depends on z, € X2, there is a
correspondence

X2 — R), F(z.) =70
where the set Rl = Rﬂ_ \Int(Rl_F).

For surface (3.4), at any point 7 € Rl
consider the n-dimensional subspace which is
orthogonal to the original m- dimensional
subspace. Suppose that the matrix %—f is
represented as a set of row vectors, i. e.,

f(7) = col(fi (7). -, f(T))-

Let the set of column vectors

row (g1(7), .-, gm (7)) =: g(7)

form a basis of the orthogonal subspace, i.e., for
every T € Rﬂr and for any pair 7, j the relation

fi(r)g;(r) =0

is valid. Let ¢1(7),...,gm(7) be smooth on 7.
We assume also that the vector fields are in
involution. For simplicity, we assume that

[9:(7), gj(7)] = 0,

The set g(7) of vector fields g1(7),. .., gm(T)
generates a polysystem with the state space R!
and the multidimensional space R™ of time points
o. This polysystem can be given by differential
equation in the form

= [(1)g(r) =0

i,j=1,....,m. (3.5

dr

o = 7(0) = 19 (3.6)

9(7),
where 15 € Ré.

Factor the state space Rﬂr of this polysystem
on the integer lattice Zl+ and get the torus T! =
RY /Z! which is the state space of the factor-
polysystem.

The set g of vector fields g1, . . ., g generates
a set of one-parameter of groups G7',...,GJr
where G;j is an evolution operator for the vector
field g;, 7 = 1,...,m. From eq. (3.5), it follows
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that
GlioGY =G7 oGy, ij=1,.... (3.7)

Consider the smallest m-parameter group
G containing these groups. In particular, this
group contains elements (monomials) of the form

G° :=GJimo--- oG (3.8)

where o = (01,...,0,) € X = R'. Obviously,

G oGT =G, oo € RT.
The action of the family {G7, o € X} gives
the polysystem in the form
Go:T =T G9(r) =71, GO(10) = 70, (3.9)
ceR? roeT, reT,

which is called the polysystem associated with
the original polysystem (eq. (2.7)). The orbit of
original polysystem (see eq. (3.1) or eq. (3.4))
corresponds to the orbit of polysystem (3.9)
rewritten in the form

{T|G°(19) =1, 0 € &}

The set RY, (eq. (2.3)) can be interpreted as
the total space of points 7 = (71,...,7) (multi-
dimensional time ). For polysystem eq. (3.9), the
set ¥ = R’ can be interpreted as the space of the
multi-dimensional time points o = (o1,...,0m).
Thus, for continuous time, polysystem (3.9) is a
m-~dimensional flow. For m = 1, we have an usual
flow.

For discrete time space Yo = Z', polysys-
tem (3.9) is a m-dimensional cascade

G°:T' =T, G = G'm) =10, (3.10)
ceZm neT, reT,

which is embedded in flow (3.9).
Consider the polysystem given by the
equation

dr

e (3.11)

where ¢ € R’}. This polysystem corresponds to
family of transformations (2.11). This system can
be factorized similar to system (3.6).

4. Definition of probability
characteristics of a polysystem

For a description of the statistical properties
of the trajectories of a polysystem (in particular
for the evaluation of the rate of approximation
of the trajectories to specific sets) we need the
probability characteristics of the polysystem.

4.1. Probability invariant measures of a
polysystem and distribution functions

Let %1 be the Borel o-algebra of sets on
the torus T!. Assume that for the polysystem
generated by family of maps (3.9), there is a set
of Borel invariant probability measures P on o-
algebra 24 of sets on the torus T'. For the flow
given by eq. (3.9), the invariance of the measure
means that the condition

P(A) = P((G°)L(A)), A€, 00 € RT (4.1)

is valid. For the cascade given by eq. (3.10), there
is the analogous condition.

Let a discrete dynamical system be defined
as action of group of transformations of the kind
(3.8) on a state space T, i.e.,

G={G" oeczm}.

According to the classical theorem of Krylov-
Bogolyubov, an invariant measure exists for a one-
parameter group of transformations. In our case,
for an m-parameter group of transformations with
property (3.7), an invariant measure also exists.
An invariant measure can exist also in more
general case. Thus, we assume that there is an
invariant measure for group G of transformations.
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4.2. Strictly ergodic measure and its
density function

Furthermore, we assume that there is a
unique ergodic measure which we denote by
Pg. For simplicity, we assume that the invariant
measure is given on the unit cube I'. For this
measure, we will use the same notation Pg.

For Pg, let us define a distribution function

Fa(z) = Pa(10|G° (1) < ),

which does not depend on o. Then fg(x) =
%(m) is the density function.

Let us define the distribution function of the
module of G?(7y), i. e. the function F, for the
dynamical process

17 () = |G7(T)]-

This distribution function does not depend on o
for almost all 7.

Assume the distribution function F; (x) does
not depend on angle variables in a neighborhood
of zero. Consider the spherical coordinate system,
i. e., x = rp(p) where r is a radial variable and ¢
are angle variables. Thus, |z| =r, p|(¢)| = 1.

Define the density function for the radial
component in a neighborhood of zero by the
formula

folr) = £ / fe(rp(@) A(9)dp,  (4.2)
- 0<r<ri1 <1

where Ji(p) = J(r,¢)|._; is the reduced
Jacobian determinant of the transformation.
Hence, the distribution function of the module is
given by the formula

Fy(r) = /fn(r’)dr', 0<7 <r<r <1. (4.3)
0

4.3. The Folner family

Now, consider a family of the nested sets
Yo C Bt e Ry, i e, X5y C Xy, if so < 51, (the
Folner family). In addition, it is assumed that the
condition

hm V(28+5 A ES)

=0
t—0o0 V(ES)

is satisfied for any § > 0 where A is the symmetric
difference of two sets and V is a measure of
volume.
These sets can be chosen as X5 = [0, s]™.
For a discrete s € Z, these sets can be
selected as the sets of the form X0 = X N Z™.

4.4. Statistical distribution function of
control times

Let n°, 0 € X be scalar stationary random
process with positive values. For any ¢ > 0,
consider the set

{olo € Es,n%(10) < e} =: X5 N By(e, 10)

where X3 = [0,5]™, By(e,m0) = {o|n?(10) < €}.
Define the value F,(e,79) of statistical
distribution function as follows

_ V(35N By(e, 1))
5—00 V(Es)

(4.4)

For continuous time, V' is a measure of volume.
For discrete time, V is a counting measure, i. e.
the measure of the discrete set is equal to the
number of its constituent elements.

By the ergodic property of the process
n°, o € 3, the limit value given by (4.4) is the
same for almost all 7 with respect to Pg. Thus,

Fn(EaTO) :Fn(5)7 mod PG

where the distribution function F(e) is defined
by formula (4.3) for » = . Thus, eq. (4.4) can be
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rewritten in the form

V(s N By(e))

Fy(e) = V()

+ py(s,€) (4.5)

where py(s,e) = 0 as s — o0.

4.5. Weyl - Schénberg criterion

The family of transformations G? has an
invariant measure Pg iff for Pg-almost all g

- 1 2 (kG (70)) 1
Jm V() / € do =
TEX

/ kT po(dr), keZ\ {0} (4.6)

Telt

where X3 = [0,s]™, V is a measure of volume
for continuous s € R4 or a counting measure for
discrete s € Z4.. Thus, V(2;) = s™. The function
(.,.) is the scalar product in R!, (see [9]).

5. Estimates of the rate of
convergence of the sequence, which
approximates the exact control time

Next, we consider the problem of control by
switching among a finite number of controllers
in discrete instants of time. In other words, we
assume that control times are integers, (see eq.
(2.3)).

Thus, we shall
convergence of the estimates 7 € Z!, which
approximate the values of control times 7 € Rﬂ_
satisfying the equation z, — F(7,z¢) = 0, i. e.
condition (3.1).

To solve this problem, we will use the
properties of the associated polysystem G7(rp),
o € 3 (see section 3). The result will be given in
terms of the invariant measure of the associated
polysystem (see section 4).

Let F;, be the distribution function of values

examine the rate of

n°(10) = |G (7o), 70 € T (5.1)

where G?(79), 0 € X is basic process in the
form (3.9). Since the process G%(1p), 0 € X is
stationary, the function F;, does not depend on o
for almost all 7.

Suppose that the values n?(7) are dense
in the unit interval [0,r1] for Pg -almost all
7o where o € X. Hence, for any r € [0,7],
there exists a sequence of the values o such
that n?(m9) — r. In particular, there exists a
subsequence o, depending on 7y, i. e.

os €8s, s=1,2,..., (5.2)

such that

n’*(10) = 0, s— +oc. (5.3)

Condition (5.3) means that the distance

dist(#(0s,70),Z") = 0, s— +oo  (5.4)

where the value 7(05, 79) defined by eq. (3.4).
Define the rate es of convergence for
sequence 1% (1p) as follows. Let

By s(€) := X5 N By(e, 1).

For any s, let us define the value &4 of
parameter € by the equation

V(3N By(e, 1)) = v (5.5)

where v is a finite positive integer. It means that
the set ¥4 contains only a finite number of points
o such that 77(7y) < e. For simplicity, let v = 1.

Let us denote V(X5) by wvs. Express the
values of £5 by the values of vs. From eq. (4.5), it
follows that the value ¢ = ¢4 satisfies the following
equality

v
Fy(es) = . +py(s,es), mod Pg, (5.6)
S

i.e for almost all 79. Therefore, in eq. (5.6) and
further, 7y is omitted.

Let us estimate the value py(s,e) with
respect to the value ;. Rewrite the value F,(e)
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in the form
Fy(e) = Fy(e)m(s,e) +py(s,e)  (5.7)
where a suitable value
Vs = Yy(s,6) = 1, s — o00.
From (4.5) and (5.7), it follows that
Fyleaysvs = V(E, 01 By(e)).

Hence,

Fo(es)ysvs =v <=  Fy(es) = . (5.8)

VsUs

Assume that F), is strictly monotonic. Then
from (5.6), (5.8), it follows that

v v + ( )
= — +p(s,e —
YsUs Us K *
v 1-— ’73)
- =po(s,e5) <
Us ( Vs pn( )
v
Pn(s,e5) =0 <> ) (5.9)
Vs

From (5.6), (5.9), it follows that

s (2 ef2))
Vs Vs

Thus, we have proved the following theorem.

(5.10)

Theorem 1 For Pg-almost all 19, the rate of
convergence of sequence (5.3)of estimates 1% (o)
is given by eq. (5.10) where n°(1p) is defined by
eq. (5.1).

Remark 1 Formula (5.10) defines the Smirnov
inverse transformation. There is a generalization
of the Smirnov inverse transformation if F, is
weakly monotonic.

Further, for the dynamical process 1n° =
|G?|, 0 € X, we consider the cases when this
dynamical process depends on some parameters.

6. The scale of the distribution
functions of control times for dynamical
polysystem

Consider a family {G2|0 < a < oo} of
control processes of the form (3.9). Let the radial
distribution function of values ng = |G9|, 0 € ¥
be defined by the formula

Fo(r) Cre, 0<r<ryg,
’[’:
“ 1, r<r<l1

WhereC’:r%,0<r1§1.
T

For v, = and v = 1, let us use eq. (5.10)
which takes the form

- S
1
1 1\\= 1 1
S S Sa Sa

By analyzing the scale of distribution
functions Fy,, we can conclude the following.

1. For « = 0, Fyp(0) = 0 and Fy(r) = 1 for
r > 0. Hence, the density function fy(r) = d(r), i.
e., it is the d-function. Thus, the case & = 0 means
that it is extremely fast convergence of sequence
(5.3) (or (5.4)) in a finite number of steps.

2. The case 0 < a < 1 means that there is
fast convergence of of sequence (5.3) (or (5.4)).
The density function is a function unbounded in
a neighborhood of zero.

3. For « = 1, Fi(r) = %r where 0 <
r < ri. Hence, F} is the function of a uniform
distribution. Thus, the case a = 1 means that
there is normal convergence of of sequence (5.3)
(or (5.4)). The density function is a separated
from zero and bounded function.

4. The case 1 < o < oo means that there is
slow convergence of of sequence (5.3) (or (5.4)).
The density function vanishes at » = 0. With
increasing values of the parameter «, the rate of
convergence decreases.

5. The case a = oo formally means that
the density function is identically zero in a
neighborhood of r = 0. The case & = oco can be
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Fo Fi2

FIG. 1. Graphs of the distribution functions Fy, F /5.

Fi
£

FIG. 2: Graphs of the distribution functions Fi, F5.

interpreted as a lack of convergence of of sequence
(5.3) (or (5.4)), i. e. the points of the sequence nZ,
o € ¥ are separated from zero.

Thus, we have proved the following theorem.

Theorem 2 The scale of the rates of convergence
for estimates is described by the cases 1 — 5.

Graphs of the distribution functions
Fu(r),0 <r <1, corresponding to the cases 14,
are shown in FIG. 1, 2.

7. Conclusion

In order to investigate the controllability
polysystem in discrete time, probabilistic
methods are used. To define the control times,
it is required to find the numerical solutions of
inequality (2.9) with a given accuracy. The rate
of convergence of estimates of control times is
established (see Theorem 1). For estimates of
control times, the scale of the rates of convergence
is described (see Theorem 2).
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